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FLOW OF PLASTICO-VISCOUS M E D I A  IN NONCIRCULAR P I P E S  

V. D. Belozerov, V. A. Znamenski i ,  and A. T. Listrov 

Zhumal  Prikladnoi Mekhaniki  i Teldanicheskoi Fiziki ,  No. 4, pp. 131-186,  1965 

The flow of a p las t ico-viscous  med ium under a constant pressure 
head in c i rcu la r  and annular  pipes was considered in papers [1 -4] .  

In this paper we use the method of a smal l  parameter  to study 

the steady flow of a p las t ico-viscous  med ium in noncircular  pipes. 

1. In an in f in i t e ly  long e l l i p t i c a l  pipe ,let 

x~ y~ 

where 5 is a dimensionless  parameter :  the m a t e r i a l  flows in the  posi-  

r ive  d i rec t ion  of  the z axis under the act ion of a constant pressure gra-  
dient  q~ = -Op]Oz.  
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Fig. 1 

We denote  by g the viscosi ty  coeff ic ient ,  by k the y i e ld  point, 
by S the cross-sect ional  area, and by L the per imete r  of  the core cross 

section.  

Assuming that  the flow is l inear ,  we have  in a cy l indr ica l  coor-  

d ina te  system [2] 

~o\/O~w I O~w i Ow OhOw t Oh Ow 
" ~  (~-~ ~ "  + ~ ~-~ ~ - }  = - -  q~ 

O ~ / J  �9 

Here w(r, ~ )  is the v e l o c i t y  and r o is the l i m i t i n g  shear stress. 

For de te rmin ing  w(r, r  the  unknown boundary r s = rs(~) of 
the r igid core  and i ts  v e l o c i t y  v = const, i t  is necessary to solve Eq. 

(1 .1)  for the fol lowing condit ions:  

Ow / On ~ O, q : S  ~ k L ,  v ~- w for r ~ r s , ( 1 . 2 )  

Here n is the normal  to the core  boundary.  At the surface of  the 

pipe we assume tha t  w = 0. 

We seek a solut ion in the form of  expansions in the  sma l l  para-  

me te r  

w "-- E 6nw(n)' v ~ 6"~v (n), r s = 6nrs (tO , (1 .3)  
r t ~ 0  n ~  n ~ O  

We adopt the solut ion of [2] for flow in a c i rcu la r  pipe of  radius 

b as the zero approx imat ion  

t (b - -  1) ~ 

Here and in what follows, we re ta in  the ear l i e r  nota t ion and re- 
fer the ve loc i t i e s  w(n), v (n) m the quant i ty  kb/~t, the  polar radius r 

and a l l  l inear  dimensions  to the quant i ty  2k /q  ~, and the stress r 0 to 

the quant i ty  k. 

The equat ion of  the contour of the pipe cross sect ion in cyl indr i -  

ca l  coordinates can be  wri t ten in series form: 

r = b -~ 6b cos 2q9 --  3/~6~b (t - -  cos 4q0) + . . . . (1 .5)  

After l inear iz ing  (1.1)  and (1 .2)  with respect to the smal l  para-  
me te r  5, we obtain,  using (1 .31- (1 .5) ,  the equations of  the first ap -  

proximat ion 

O~w' i Ore" t 02w" = 0 ,  

2~ 

_bOW" 
r s '  - -  Or r= l  ' V' = W" [r~t,  ~-] rs'd~ = O, 

O 

0~ = 0, w' ]~=~ = (b - -  1) cos 2~p . 

(1.6) 

Representing the solution of  Eq. (1 .6)  in the form w' = R (r) 

�9 (r we obtain 

w" = Co In r + Do [C~ft (r.) ~ D112 (r)] cos 2~ ,  (Co, Do, Ci, DI = eonst) ,  

where 

4 i 
h( r )  = r ~ -  -~r  + - i f ,  

r t 
Is (r) = L 9 In 20.2 3T-~'i~ i 

/ 
are the solutions of the hypergeomet r i c  equat ion 

d~R dR 
r(r  - -  t)  - ~  + (r - -  t) -~7 - -  4R = 0 .  

From the boundary condit ions (1 .6)  we obta in  D O = 0. C o = 0, 

D t = 0 ,  C1 = 3 / ( 3 b -  1). Thus, 

3r ~ - -  4 r + t 2b 
w~ = 3b - -  1 cos 2r rs '  = ~ cos 2r v' = 0 .  (1 .7)  

The equations for the second approx imat ion  of the problem are 

b2w" i Ow" t O2w" = �9 (r) + 8 (r) cos 4 ~ ,  
"0~- q- u ~- r  -}- r ( r - -  t )  O~ 2 

2n 
I 4b2~t t9b - -  18b* - -  3 3 - -  5b 

rs"dcP -- (3b - -1 )* '  w" [ r = b -  4 ( 3 b - -  t )  + 4 ~  COS 4~ ,  
o 

8w" 4b 
-- ~ : i n  4~, (1.8) 

r~-J. 

Ow" t2b ~ b 
r / =  b ~ -  r-1 + ( 3 b - - ~  ~~ 2% ~" = ,~" I~=1 + ~ ( ' l  + cos ~ ) .  

b ( i  - -  ~r 2) b (3r - -  l )  (27r~ - -  18r - -  t )  
~F(r) = r~ (3b__ i)~, O ( r ) =  r S ( r _  t ) ( 3 b _  1)~ " 

Separat ing the var iables ,  we obta in  

w" = RI (r) -4- R~ (r) cos 4q~ 

where RI(r) and R~(r) are the genera l  solutions of the inhomogeneons 

equations 

dSRa I riB1 d~R~ i dR~ 16 
r dr r ( r - - l )  R ~ = : O ( r ) .  (1 .9)  
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The genera l  solution of the flint equat ion of ( ! .  9) is 

b l 
B) (A, B = consQ, R l : - - ~ ( A l n r  @ 9 r ~ r  + 

The second equat ion  of (1 .9)  is a hypergeomet r ic  equat ion and 
its solut ion [5] is 

b 
Ra = CaP (r) -}- C3T (r) @ ~ E(r),  (C~, C8 = const ) ,  

P (r) = 35r ~ - -  80r~ ~- 60r ~ - -  16r -~ i, 
4 4 

T ( r ) = P ( r ) [ l n r @ E  F i l n ( r - a ~ ) - E  H ~ ( r - - a i ) - q ,  
i = I  i = l  

4 

E ( r ) = P ( r ) [ 3 2 1 n r - - f  4 - E  S, In(r--ai)--~/_~.l Mi(r--ai)-'] 
r 

i = t  i= 1  
a~ = t ,  aa = 0.78775, aa : 0.08870, a~ = 0.40926, 

F~ = - -  1, F~ = 0.002646, Fa = 0.0049553, F~ = - -  0.005257% 
H~ = 0.0625, Ha = 0.32857, tin = 0.22074, Lq = 0.387(34, 
S~ = - -  32, Sa = 0.10536, Sa = 0.1828, S~ : - -  0.16707, 

M~ = 2.25, Me = 10.44778. Ma = 6.17281, M~ = t2 . i1781.  

Using the boundary condit ions (1.8),  we f ina l ly  obta in  

b t B]  w" = - -  ~ [ A l n r  + e ~ r - - r - i -  + 
J 

(1. I0) 
"t- [C~P (r) + CaT (r) @ (3b -~- l)aJ cos 4q~ , 

- -  342b~ 4- 271b~ - -  63b + 4 - -  24b~ (3b - -  1) tn b 
A = - - 6 ,  B =  4b(3b__ t)  ~ , 

32b (14b - -  15b a - -  3) + t28bT (b) - -  4bE (b) 
ca = - - ~ ,  Ca= 4 (3b-- l)~P(b) " 

, From (1 .10)  and (1.18)  i t  is easy to obta in  r~' and V". whose ex-  
pressions we o m i t  because  of their  excess ive  length .  

It should be noted tha t  from the condi t ion of ex i s tence  of flow in 
an e l l i p t i c a l  pipe qZS, -> KL, iS,  is the  area and L, the  pe r ime te r  of 
the e l l i p t i c a l  cross sect ion of the pipe) i t  follows tha t  b > 1 + 1 .25  ~. 

For b < 1 + 1.25 5~ the pressure head q~ is insuff ic ient  to produce a 
flow. 

/ 

Fig. 2 

Figure 1 gives the contour of the pipe,  the boundaries of the r ig-  

id core  and the ve loc i ty  curves in the  first and second approximat ions  

for the c a s e  b = 2 and 5 = 0 .25.  The broken l ines  show the  contours of 

the  core  and the cross sec t ion  of the  pipe in the  first and second approx- 

ima t ions .  The  v e l o c i t y  curve  of the zero approx imat ion  agrees wi th  

t h e  v e l o c i t y  curve  of the first approx ima t ion  for r = 45 ~ 

In Fig. 1 the  d imens iom of the  v e l o c i t y  curves are increased f ive 
t i m e s .  

2, Let us now comide r  the s teady flow of a plast{co-viscons m e -  

d ium in the space  be tween  two c o a x i a l  e l l i p t i c a l  p i p e t .  We assume 

tha t  the axes of the  e l l i p t i c a l  contours L 0 and L$ of the  in te rna l  and the  

ex te rna l  pipes form an angle  r (Fig. 2), and tha t  under the ac t ion  of 

a constant  preasure grad ien t  ~ -- - ~ p / a z  the  m e d i u m  has a v e l o c i t y  

w(r, ~) in the pos i t ive  d i rec t ion  of the z axis .  We denote  by  L 0, I~ 

the per imeters  of the in ternal  and ex te rna l  pipes, by LI, b t the per im-  

etem of the in te rna l  and ex te rna l  boundaries of the rigid core  and by S 

the cross-sect ionai  area of the core. 
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Fig. 3 

For de te rmin ing  w(r, r the equations for q(O), r2(r i . e . ,  
the boundaries L: and Ir of the cote, and its ve loc i ty  v, we have  Eq. 
( i .  1) and the relat ions 

. q ~ S = k ( L r +  L2). w(rl,  q~)=w(r2, q))::v,  

Ow = 0_~ 
0,~ z~ ~'~ L. = O, w !L~ = w iL~ -'- O. (2. 1) 

We wil l  use the dimensionless quant i ty  6 < 1, which charac ter -  

izes the e l l i p t i c i ty  of the contours L 0 and L 3, as the smal i  parameter .  

Representing the unknown quanti t ies  w, h, r2, and v as series (1.3),  
we retain only  the terms of order 6 

w = w ~ 4- 6w', r i  = qo 4- 5q ' ,  
( 2 . 2 )  

r 2 = r~ ~ @ 5rz' , v =: v ~ @ 6v' �9 

The  equations of the boundaries L 0 and ~ can be wri t ten respec-  

t i ve ly  in the fol lowing form: 

r 0 --- a (l  -t- 6do cos 2qv), r 3 = b [t -}- 5d a cos 2 (q) - -  fro)I, (2 .3)  

where a and b are the radi i  of the circles  into which the el l ipses L0 and 

L s transform at 5 = 0, and d o and d s are dimensionless  coeff ic ients .  

Retaining the ear l ier  notation,  we  change to dimensionless  va r i -  

ables by referring w ~ w', v~ and v '  to 2k2/q2/~, the: stress r 0 to k, and 
the polar  radius r, a, and b to 2k /q  2. 

The solut ion of  the problem in the zero- th  approximat ion [3] c an  
be writ ten 

6~2 - -  r 2 
w ~  ~ - - @ . a - - r  ~-r1~ ~ @ t )  ]n a (a • r  ~< r l~ 

(2 .4 )  

b 2 - -  r~ __ b @ r -~- ra ~ (r2 ~ - -  1) I n  ~- (r2 ~ ~ r ~ b ) ,  w~ - -  2 

where the radi i  rl ~ and r~ ~ of  the in ternal  and external  boundaries of 
the r igid core are re la ted  by the following equat ion:  

(/2 _ _  r l Z 2  ?,i ~ 
r-F = rF  • t ,  2--- -~ a - -  rF  --  rF  (rF -~- 1) In - ~  = 

b a - -  r2~ r.z ~ 
2 - - b - ~ " r ' z ~ 1 7 6  

It should be noted that  v ~ = w~ ~) = w~ 

Linear iz ing Eqs. (1 .1)  and (2 .1)  and using ( 2 . 2 ) - ( 2 . 4 ) ,  we ob-  

t a in  equations for the components of the first approximat ion .  

For the region 1 adjoining the  boundary Of the internal  pipe 

(Fig. 2) we have  

dw~ [ 
w' (a, (p.) -- - -  d 7  r=a ad~176 (2 .5)  

[~ I ~  ~ l =o 
; r = r t  o 

For region 2 the analogous expressions are 

d'wO 
[ s cos 2 (q~ - -  q~o), w' (b, r = - -  ~7- ~=~ 

[-Ow" li)2w ~ - l l  0w '  
: :  - J =rio, ,=,o: o .  (2 .  6)  
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For w' we obtain  

0Sw ' I Ow' t ( A - - r  s ~Osw' 
0~-~ + V ~ 7  + ~ -  A - -  rS :k  r /  or = 0 (.4 = ~o ( r?  + t ) ) .  (2. ~) 

Here the nega t ive  sign corresponds to region 1 and the posi t ive 
sign to region 2. 

The l inea t ized  k i n e m a t i c  and dynamic  conditions of mot ion of 
the core as a rigid whole b e c o m e  

w' ( r i  ~ q~)=w ' ( r s  ~ r  \ ( r s ' - - r ( ) d q ~  = 0 ,  (2 .8 )  

0 

The solutions of Eqs. (2, 6) which we sha l l  henceforth denote by 

by w~ and w~, are found as 

w ~ ' = C o + E o l n r +  ~ R ~ ( r ) [ C x c o s ~ c ~ + E ~ , s i n ~ . ~ ] ,  (2 .9)  
A = I  

ws' = Do + Fo In r + ~ T m (r) [Din cos m (~ - -  ~o) + Fr~ sin m (~p - -  ~o)l ,  

where C 0, D~, E 0' C)`, E k,  D m, E m are arbitrary constants, a n d k ,  

m = 1, 2, 3 . . . . .  

From (2.8)  we obtain the equations for R). and T m 

d'Ztlx t dry.  ~.s / r ~ - -  A \ 
dr s + r dr r s ~r~--~, r)  R ~ , = O '  (2 .10)  

d~T m I d T m  m s (r~ - -  A )  T m 
dr ~ - } - r ' d - r  - -  r ~ ( r S - -  A - r') = 0  

(~,, m = t ,  2, 3, . . . ) .  

Equations (2.10)  are the equations of Fuchsian type with four 

s ingular  points [5]. For the equations in R k, the s ingular  ~ i n U  are 

zero, an in f in i te ly  distant  point,  h ~ - 1 / 2  + ( 1 / 4  + A) l / t  and r, ~ = 

= - 1 / 2  - (1 /4  + A) ~z. The equations for T m, in addi t ion to zero 

and an inf in i te ly  distant  point,  conta in  s ingular  points at r2 ~ 1]2 + 

+ (1 /4  + A) 1/~ and r t "  = 1/2 - (1 /4  + A) yz.  

It should be noted that  the s ingular  points rt ~ and rz ~ of Eqs. (2.10) 

are loca ted  on the in ternal  and ex te rna l  boundaries of  the core in the 

zero approximat ion  of the  problem.  

I g 3 a r 

Fig. 4 

Since part of the boundary condit ions (2 .5)  and (2 .6)  for w'  ,s 

g iven at  r = r [  and r = r 2, the solutions of Eqs. (2 .10)  in the v i c in i t y  

of  their  s ingular  points h ~ and r 2~ should be used in I2.9).  

For equat ions (2. 10), points h ~ and r2 ~ are weak s ingular  points, 
and the roots of  the de te rmin ing  equations at each  of  them are zero and 

one. Therefore for each  k and m one of  the independent  par t icular  

so lu t iom of each equat ion of (2. 10) vanishes a t  a s ingular  point, wh i l e  

the other  solution, conta in ing  a logar i thm,  has a nonzero va lue  at the 

s ingular  point [5]. Using this and the las t  of relat ions (2 .5)  and (2.6),  
we find that  in (2 .10)  only  those par t icu lar  solutions of Eqs. (2.10) tha t  

vanish at s ingular  points rt ~ and rz ~ can  be  used. 

From the boundary condit ions (2. 5), (2. 6), and ( 2 . 8 )  we find 

tha t  in (2 .9)  a l l  the arbi trary constants with the excep t ion  of C t and D z 

must be m a d e  zero. 

Thus, the solut ions of Eqs. (2 .7)  for boundary conditions (2.5),  

(2.6),  and (2 .8)  can be written as follows: 

w l ' - - C R ( r )  c o s 2 %  w , . ' = D T ( r )  cos2 (q~- -q~o) .  (2.11) 

We now introduce the following notation for the expansions: 

,~  (r, ~) ~ r r = %~ ( ~~ . (2. 12) 
k = l  

The par t icular  solutions P.(r), T(r) of Eqs. (2. 10) for). = m = 2, 

which are regular  in the v ic in i ty  of s ingular  points h ~ and r 2 ~ can be  
wri t ten as follows: 

R ( r )  = ( r - -  r ,  ~ + S  l ( r , G ) ,  T ( r )  -- ( r - -  r2 ~ + S 2 ( r , C ) ,  (2.13) 

their  ~oefficients Clk and C2k being successively de termined  from the 

relat ions [ 5 ]  

Cvn [(t + n) n + ao (t + n) + b0l + (2. 14) 

+ ~ Cv. ~-k [avk ( l  + n - -  k) + bye] = 0 
k = X  

( v = i ,  2 n = t ,  2, 3 . . . .  ), 

in which ark ,  bvk are coeff icients  of the series 

r -- r~ 4 (rs  -- rl~ -- r l  ~ ( r d  -- r)  
r = avo + (r - -  rv~ (r, a), r s (r - %~ = 

= b~o + (r - -  %~ (r, b),  (2.15) 

(v = I, 2). 

The integration constants C and D in (2. 11) are given by 

a s q-  a - -  r ,  ~ - -  rx ~ b ~ - -  b - -  r2 ~ + rs ~ ( 2 .  16) 
C = d o  . ~  rl~ -4- S l ( a ,  C) '  D = d a g ' ~ - r ~ ' ~ - - " f f ~ ( b , ' - ~ "  

In (2. 13) the power series for R(r) has [5] the radius of  conver-  

gence  rl ~ whi le  the power series for T(r) has the radius of convergence  
~ ~  

Using (2. 5), (2.6),  (2.4),  (2. 11)- (2 .16) ,  we obtain the solution 

of the problem in its f inal  form: 

for region 1 

do(a ~ + a - -  r l  ~  - -  r l  ~  [ r  - -  r l  ~ -4- $1  ( r ,  C ) ]  c o s  2~ , 

wV = a -- n ~ + $1 (a, C) 

rl~ do ( a s + a - -  rx ~ - -  rx ~ cos 2q~ . (2 .17)  
rl '  = (2rio + t )  [ a - -  r l  ~ -}- S1 (a, C)] ' 

for region 2 

ds (M - -  b - -  rs ~ • r~ ~ [r - -  rz ~ "4- $2 (r, C)] cos 2 (r - :  ~ o )  
ws' = b - -  rz ~ -4- S ,  (b,  C)  

r~~ (b 2 - -  b - -  r ,  ~ + rl  ~ cos 2 (q~ - -  q~o) . (2, 18) 
r s ' =  ( 2 r l ~ 1 7 6  C)I 

Considering the l inea r i zed  k i n e m a t i c  condi t ion (2.8),  we see 

that  v '  = 0. 

Let us considex as a working example ,  the flow of a plas t ico-  

viscous m e d i u m  with a = 1.32, v = 3.95, rt  ~ = 2, rz ~ 3, A = 6, and 

v ~ 0.7.  

In this case i t  is suff icient  to re ta in  in (2. 15) only five terms of 

the series.  

Figure 3 gives the contours of the pipe cross sections and the 
boundaries  of the corresponding cores for 5 = 0,25 in four charac ter i s -  

t i c  cases. Figure 8a corresponds to the case ~0 = 90~ do = 0.% d s = 
= 0.25, The case ,~0 = 0, do = 0.7, d s = 0.25 is g iven  in Fig. 3b. Fig-  

ure 3c corresponds to values  ~0 = 90~ do = 0, d s = 0.25. Figure 3d i l -  
Imi ta tes  the case ~0 = O, do = 0.% d s = 0, The boundaries  of the pipe 
cross sect ions and the core boundaries  corresponding to the first approx- 
ima t i on  are  g iven  in Fig. 3 as solid l ines,  whi le  the  contours of the 

p ipe  cross sections and the core  boundaries for the Zero approx imat ion  
are g iven  as broken l ines.  The core cro~s sect ions correspondIng to the  

t i m  approximat ion  are shaded.  



J .  A P P L .  M E C H .  T E C H .  p H Y S . ,  N U M B E R  4 9 1  

Figure 4 gives the ve loc i t i e s  in sections ~o = 0 (broken l ine),  ~o = 

= 45* (solid l ine) ,  ~o = 90 ~ (do t -dashed  l ine)  for the  case d o = 0 .7 ,  dz = 

= O. 25, ~0 = 90~ In the  sec t ion  ~o = 45 ~ the curve for v e l o c i t y  w 

coincides  wi th  the  curve for v e l o c i t y  w* in the zero approximat ion .  
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